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ABSTRACT Much of the research in this area has been done
experimentally and the need for flexible and efficient
numerical tools is apparent. Only recently this aspect

crystal is proposed. The Finite Element method %asth t;le?n aollqdressebd and dsotmg twe”th establ_lsg'ed
employed to compute the impedance matrix whicfjéthodology - have been adapted 1o {he periodic

characterizes propagation through the unit cell. Frorﬂeornetry and applied to the analysis of photonic

. . . : . crystals. Among these, the plane wave expansion
this matrix, the bulk dispersion characteristic for the . : :
: P ethod [3] and the Finite Difference both in

infinitely extending crystal, as well as the transmissio . ) ;
and reflection coefficients for the case of a finite' ' cdUeNCY Domain (FDFD). [4] and Time Domain
(FDTD) [5,6] have been applied.

thickness sample of the crystal can be derived. .
The plane wave expansion method was

INTRODUCTION proposed first_ to computg the disp_ersion curve of
electromagnetic waves in photonic crystals. It
Three-dimensional periodic structures, oftenprovides good results but may exhibits convergence
referred to as photonic crystals borrowing the opticproblems when there is a large contrast in the
jargon, have been recently proved to have interestingelectric constant values of the materials comprising
characteristics, not yet available with the ordinarthe structure and cannot deal with the presence of
materials. They may act on electromagnetic waves igonductors into the crystal. Although this limitation is
a similar way as natural crystals act on electromot so stringent at optical frequency where dielectric
waves. If properly designed, these artificial material$naterials are usually employed, this is not the case in
can significantly changes electromagnetic waveshe microwave and millimeter frequency ranges, where
propagation: entire frequency bands can be forbiddemetallic and metallo-dielectric crystals with wide
and local modes can be trapped around local defedsand-gap have been reported [5,7].
into the crystal lattice [1]. The method proposed by Pendry [4] to analyze
Possible applications of photonic crystals in thehis latter family of crystals, has proved effective.
microwave and milimeter wave region of theSuch method is based on the usage of the FDFD
electromagnetic wave spectrum range from circuits talgorithm to compute the transfer matrix through a
antenna and stealth technology. For instance, theyin, with respect to wavelength, slab of the crystal,
could be used to realized single structure multiassumed uniform along the direction of propagation.
channel filters, low-loss guides for long antennasThe transfer matrix so computed can be used to
quieter oscillator, polarizers and housing for quasievaluate bulk dispersion as well as transmission and
optical applications, as well as to enhance planakflection through a finite thickness slab of material.
antenna performances and reduce aperture antennas FDTD is most useful to deal with transmission
cross-talk. Some of these applications have indeatirough photonic crystals comprising non-linear
already been investigated [2] proving the usefulness @haterial[6], even though it can be computationally
photonic crystals. demanding in the case of transmission through a thick
slab. FDTD application to computation of dispersion

A Generalized Network Formulation for the
analysis electromagnetic diffraction from a photoni
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diagram is also feasible, but requires to accurately
chose the excitation to find all modes.

Finite Element Method (FEM) [8] has been also
applied to the analysis of bulk dispersion of photonic
crystals [9,10]. The method allows treating metal-
dielectric crystals and avoids the staircase
approximation of FD algorithms. However, the . _ [
formulation previously adopted was based on the
assumption of an infinitely extending three-
dimensional periodic structure and thus cannot deal
with transmission through a finite thickness crystal. .

2 . Fig. 1 -

A new formulation is proposed here, in some
respect similar to that developed by Pendry [5], WhiCl?
allqws cor_nputmg transmission and_reﬂectlon througr\]/vhere the vectoR is a linear combination (with
a finite thickness sample of material as well as the - -
dispersion diagram of an infinitely extending cr stal.mteQer coefficients) of the primitive vector®,u,

p g y g cry . . o :
It makes use of the FEM to evaluate the generalizelfyV denoting the spatial periodicity of the crystal in
impedance matrix which relates the electric andhe planex-y. Starting from the vector Helmholtz
magnetic fields at two opposite sides of a unit cell oequation and applying the weighted residual procedure
the crystal, in the hypothesis it infinitely extends onlywith W (r) =W (¢ )exp(-k 1) as vector
in two directions. Transmission through a finiteyyejgnting functions, yields the weak form of the
thickness crystal, built by staggering a certain numbe&fector Helmholtz equation
of slabs, can be computed by cascading the impedance

[ f h slab.
matrices of each sla I((DJr jk,)xW, p *0-jk,)xE , -kZq
Q

Geometry of a planar structure with
eriodicity in two directions.

THE FINITE ELEMENT - GENERALIZED
NETWORK FORMULATION

Let us consider a thick planar structure extending
among the planeZ =0 and Z= d, with two axes of In equation (3),p= g, andq=¢ if F =E, or

periodicity as sketched in Fig. 1. This can be thoughb: g and q= g, if Fp =H .- Sy and S denotes

of as a slab of a three-dimensional periodic structurg, top and bottom parts of the surf&eelimiting

Whlcg ca? _be_l Obt?'rt])ed. by Iiég_gger_lng Sn art_)ltraryhe unit cell. At opposite sides of the unit cell which
number of similar slabs into tiedirection. Resorting connects the cell analyzed with other cells of the

toh the Bloch’s tlhe(:jorlgm, gntl)y ahsmgk: cél of éhe structure, all the quantities are equal, except for the
photonic crystal, delimited by the surfas need to outward unit normal vectod, which is opposite.

be analyzed. The fields insid@ is expressed as: Thus, contribution to the surface integral in the left
[E(r) H )] :[E € )] expE 1) (1) hand side of equation (3) coming from such surfaces
! p p t

W, E,)do+ k2, §(W,xH )z, ds=0 ©)
sUs

cancel out, and only contributions coming from the
wherek , is the transverse (with respect to #hexis) top (z=0) and bottom(z=-L) surfaces must be

propagation vector inside the material, aqu(r), computed. For sake of clarity, in the following we will

H,(r) are the periodic part of the electromagnetidocus on the case arfg, =E ,, p= 1, q=¢€,. By

field, that is

[E, 0 +R)H € R)|=E 60 q)] @

discretizing the unknown electric and magnetic fields
with finite elements it is possible to derive a matricial
relation between the electric and magnetic field
associated to the edges lying on the surfésesand

Sz . Actually, all choices corresponding to different
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generalized network representations of  tphmjects the Bloch's functions onto the finite element
electromagnetic wave propagation through the slabasis used to derive the generalized impedance matrix
are possible. For instance, by expressing the electraf the slab. Then, introducing equation (6) into (5)
field at the top and bottom surfacek (and E;, yields:
respectively) as a function of the magnetic field at the . .
same surfaces H;and H;), the generalized P-Z(k,,wPZ,, -Zk, ,wPZ, U
impedance matrix for the propagation through the unit] =Z gt (K @), P ~Z ;zk [, wPZ .0
cell is built: ED 00 Z,OE™0 0

r D: D inc D
EETB_EZTT(kUw) ZTBG(U(‘))SU'ITB (@) %mﬂ 1 Zesl U
%BD %BT (k@) Z gk “w)DEH-I e Ll which can be solved for the unknown coefficient of

This matrix can be used to evaluate both thdhe reflected and scattered field from a photonic
dispersion relation of the photonic media and th&rystal of finite thickness.

transmission t.hrough _and reerc'Fion by a phptoni@ispersion Relation

crystgl of arbitrary thickness built by staggering a Assuming an infinitely extending crystal,
certain number of slabs. comprised of identical slab of thickneks staggered
Reflection and Transmission Coefficients into thez direction, and invoking the Bloch’s theorem,
When an arbitrarily polarized plane wave impingedhe fields atz=0 and z=—Lmust be equal except
the slab coming from the half-spage> 0 as shown for the phase shifexp(jk,L ). From the generalized

in Fig. 1, from the definition of impedance matrix andimpe_dance matrix, we can d(_arive the transmission
the boundary conditions, the equations (4) become matrix and solve the standard eigenvalue problem:

E™+E'0 Z K, w) Z K, w)0O (A BOEgO , (Eg O
0 0= = exp(jk,L (8)
O E' O %BT(kt’w) Z gk t’w)B (5) B: D BE P( )%BE
E.EHM tH E to find the propagation constant in theirection.
o H O

_ o RESULTS
where the superscripisc, r, andt denote the incident, ) )
reflected, and transmitted fields, and the impedance ~ SOMe results relative to simple crystals are
matrix is computed for values of frequency angshown next. Fig. 2 shows the gap in the transmission

transverse propagation constant equal to those of th@efficient of a TM polarized incident wave through a
incident ~ field.  Reflected and  transmitted tWO-dimensional  photonic  crystal obtained by
electromagnetic fields may be expressed in terms &f@ggering seven slabs comprised of a grating of
Bloch's waves with unknown amplitude coefficientsdielectric rods withe, =2.98 radiusr=0.37mm and
denoted by the column vectorg' ,E' H' H! . period p=1.87mm. The slabs are staggered so as to

Maxwell's equations in the homogeneous media aboJfg\er :rcsg:tavrv(ietrﬁ%lg:é TPeese:r?tSeudltiSn C[(ljrlripgﬁ (\;\é;igi?we?j
and underneath the slab give the relation: P P

using a technique similar to that proposed by Pendry.

H' O ' o 0E.0 This simple two-dimensional structure exhibits a
t'r” =0 t El:%tmﬂ (6) sharp gap into the transmission coefficient in the
8" -0 00 Z, m[J frequency rangd.322< a/A, < Q440

_ _ _ _ Fig. 3 shows the dispersion diagram of the
To derive a malrix equation relating the unknownoyest Th, polarized modes into a dielectric crystal
amplitudesE,E,H,,H, to the incident field, is comprised of circular dielectric rods with =8.9. The

necessary to introduce also the matix which  rods are located on a square lattice and have a radius
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r=0.2a with a lattice constant. For this configuration

and polarization, the forbidden range of frequency

spans the values0.322<a/A,< Q440 The [

dispersion diagram has been obtained by selecting the

eigenvalue of equation (8) with unitary module. The
method still present some numerical difficulties related
to ill-conditioning of the generalized impedance matrix
and this issue is currently under investigation.
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